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Two-Phase Vorticoacoustic Flow Interactions
in Solid-Propellant Rocket Motors

Weidong Cai,¤ Fuhua Ma,† and Vigor Yang‡

Pennsylvania State University, University Park, PA 16802

Two-phase � ow interactions with vorticoacoustic oscillations in simulated solid-propellant rocket motors have
been studied numerically using a combined Eulerian–Lagrangian approach. The model accommodates the com-
plete conservation equations in axisymmetric coordinates and, consequently, allows for a detailed treatment of
particle dynamics and unsteady motor internal � ow evolution. Emphasis is placed on the interphase coupling
between the gas and particle � elds under the in� uence of acoustic excitation and turbulence dispersion and the
intraphase interactions among particles such as collision and coalescence. The study demonstrates that acoustic
oscillations provide additional mechanisms to transfer energy from periodic motions to turbulence, leading to an
enhanced level of turbulence intensity and an early transition from laminar to turbulence. On the other hand,
turbulence-induced eddy viscosity tends to suppress vortical � ow motions caused by acoustic waves. The thermal
and momentum relaxation times of particles, along with acoustic characteristic time, play an important role in
dictating the two-phase � ow interactions with oscillatory motor internal � ows. A maximum attenuation of acoustic
waves occurs when those timescales become comparable. Small particles, however, usually exert greater in� uence
on the dispersion of acoustic wave through its effective modi� cation of mixture compressibility. Particle intraphase
interactions are signi� cant mainly in situations with a wide range of particle size distribution.

Nomenclature
a = speed of sound in pure gas phase
Na = speed of sound in two-phase gas/particle mixture
CB = Basset force coef� cient
Cd = drag coef� cient
Cl = virtual-mass drag coef� cient
Cm = mass loading of particles, ½p=½
C p = constant-pressurespeci� c heat of gas
Cs = speci� c heat of particle
Cv = constant-volumespeci� c heat of gas
dp = particle diameter
e = speci� c internal energy of gas
et = speci� c total energy of gas
FL = lift force
Fp = gasdynamic force
f = frequency
hv = speci� c enthalpy of particle
J = lift-force coef� cient
kn = wave number
L = chamber length
Mb = Mach number at injection surface
m i = mass of single particle in group i
m p = mass of particle
Nu = Nusselt number
n = number density of particles
n pi = number density of particles in group i
Pr = Prandtl number
p = pressure
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Q p = rate of heat exchange between particle and gas
q = heat � ux
R = chamber radius or gas constant
Sr = Strouhal number, Rkn=Mb

T = temperature of gas
Tp = temperature of particle
t = time
U = mean velocity of gas phase
u, v = gas-phase velocity components in axial and radial

coordinates, respectively
u = gas velocity
up = particle velocity
uR = relative velocity, u ¡ up

Wp = work done on particle by gas phase
® = thermal diffusivity of gas
¯ = total spatial acoustic attenuation coef� cient due to

two-phase � ow interactions,¯® C ¯v

¯v = spatial acoustic attenuation coef� cient due to two-phase
momentum exchange

¯® = spatial acoustic attenuation coef� cient due to two-phase
heat exchange

° = ratio of speci� c heats of gas, C p=Cv

± = ratio of gas to particle density, ½=½s

" = ratio of imposed acoustic pressure to mean chamber
pressure

¸ = thermal conductivityof gas
¸a = acoustic wave length
¸p = thermal conductivityof particle
¹ = dynamic viscosity of gas
º = kinematic viscosity of gas
½ = density of gas
½p = bulk density of particles, de� ned as mass of particles

per unit volume of two-phase mixture
½s = density of particle material
N½ = effective density of two-phase mixture
¿ = viscous stress tensor
¿a = period of acoustic oscillation
¿v = momentum relaxation time of particle
¿® = thermal relaxation time of particle
Á = void fraction
­ p = angular momentum of particle
! = radian frequency
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Subscripts

a = acoustic component
p = particle phase
v = vortical component

Superscripts

0 = � uctuating quantity or correction term due to two-phase
� ow interaction

N = effective � ow property of two-phase mixture

I. Introduction

A LUMINUM particlesin solid-rocketpropellantsservetwo pur-
poses: increasing speci� c impulse and suppressing combus-

tion instability.The damping effect of aluminum particles on motor
instability was � rst recognized in the late 1950s and extensively
studied during the 1960s and 1970s.1;2 Two mechanisms respon-
sible for attenuation of acoustic oscillations have been identi� ed.
First, the acoustic energy in a motor can be transferred to and dis-
sipated by particles through the momentum and heat exchange in
the two-phase � ow� eld. Second, the acoustic energy balance in a
motor can be substantially modi� ed by the distributed combustion
of particles. A general theoretical analysis addressing these phe-
nomena was described by Culick and Yang.3 The importance of
matching particle relaxation time with acoustic characteristic time
to maximize the damping ef� ciency was established. In spite of its
broad use in predicting motor stability behavior,4 the model only
considered two-phase � ow interactionsarising from linear acoustic
oscillations. No account was taken of the vortical wave induced by
the couplingbetween the irrotationalacousticand rotationalviscous
� ow� elds.5;6 Furthermore,the in� uenceof turbulenceonmotor � ow
evolution was not treated.7;8 The purpose of the present work is to
developa comprehensivenumericalanalysisdealingwith two-phase
� ow interactions in rocket motors with acoustic oscillations. Em-
phasis is placed on the momentum and energy transfer between the
gas and particle phases under conditionswith and without the pres-
ence of turbulence. The study is limited to cold-� ow simulations,
such that variousfundamental� uid-dynamicprocessesdictatingthe
two-phase vorticoacoustic � ow evolution can be identi� ed unam-
biguously.

In view of the limitations of analytical treatment of two-phase
motor � ows, especially for problems involving complex grain con-
� gurations and turbulent transport, much effort was recently de-
voted to numerical studies. A variety of problems, such as slag
accumulation,9;10 distributedcombustionof aluminumparticles,11;12

two-phase interactions under oscillatoryconditions,13;14 and stabil-
ity of acousticwaves in two-phase� ows15 were carefullyexamined.
Substantial knowledge was obtained about particle dynamics and
combustion as well as their interactionswith motor � ows. An infor-
mative review of the state of art was given by Dupays et al.16 The
existing work, however, does not include the oscillatory � ow� eld
near the chamber wall, where vorticity generation and transport
plays a dominant role in dictating the motor � ow evolution. The
present paper attempts to remedy this de� ciency by conducting a
uni� ed two-phase � ow analysis capable of addressing these fun-
damental issues. The interactions among particle dynamics, � ow
oscillations, and turbulent motions throughout the entire motor and
their collective effect on motor stability behavior will be examined
systematically.

The oscillatory � ow� eld in a rocket motor consists of three dis-
tinct types of wave motions: acoustic (irrotational and compress-
ible), vortical (rotational and incompressible), and entropy (arising
from unsteady heat release) modes.5¡8;17;18 The coupling between
theacousticwaveand the incomingradialmass � ow from thepropel-
lant surfacegenerates� uctuatingvorticityand,consequently,causes
energy transfer from the acoustic to the vortical � eld, a phenomenon
commonly known as the � ow-turningenergy loss.3 The interactions
between entropy � uctuations and nonuniform motor � ows may act
as a strong source term for driving acoustic oscillations in regions
with large velocity gradients.18 The three waves, along with the

transient combustion responseof propellant,collectivelydictate the
stability behavior of a rocket motor. Turbulence plays an important
role in determining the wave characteristics through the damping
effect of turbulence-induced eddy viscosity on vortical motion.6;8

In addition, the interactions between organized oscillatory motions
and turbulent � uctuationsgive rise to additionalmechanisms of en-
ergy production, transfer, and dissipation in each of the three wave
modes.8 The situation is further complicated by the presence of
aluminum particles due to two-phase interactions and distributed
combustion. Particles may deviate from their mean � ow paths un-
der the in� uence of gas � ow oscillations and turbulence dispersion
and,consequently,enhancethe intraphaseinteractionsin theparticle
� eld by means of particle collision and agglomeration.The preced-
ing phenomena were only studiedpartiallyor separately in the past.
Little effort has been made so far to address their integrated effect,
especiallyunder conditionsrepresentativeof operationalrocketmo-
tor environments.

This paper focuses on the two-phase � ow interactions in a solid
rocket motor with acoustic excitations. Chemical reactions are not
included to allow for a detailed investigationof motor � ow dynam-
ics without complications arising from the surface and distributed
combustion of propellant and metal particles. The analysis is based
on a combined Lagrangian and Eulerian approach for the particle
and gas phases, respectively.An improved two-equationmodel that
takes into account the effects of wall transpiration, � ow unsteadi-
ness, and two-phase interactions is developedto achieve turbulence
closure.The main objectivesof the presentwork are 1) to study par-
ticle dynamics in the presence of turbulentand acousticoscillations
in the gas phase, 2) to examine the interactions between turbulent
and organized oscillatory � ows, 3) to explore the attenuation and
dispersion effects of particles on unsteady � ow motions, and 4) to
investigate intraphase interactions among particles including colli-
sion and coalescence.

II. Theoretical Formulation
The physical model consists of an axisymmetric chamber with

a closed head end, as shown in Fig. 1. Premixed nitrogen gas and
aluminumparticles are uniformlyinjectedalong the azimuth to sim-
ulate theevolutionofcombustionproductsof a metallizedcomposite
propellant. Standing acoustic waves are introduced to the chamber
by imposingperiodicpressureoscillationsat the exitof the chamber.

Governing Equations for Gas Phase
The formulation for the gas phase is based on the conservation

equationsof mass, momentum, and energy in axisymmetric coordi-
nates. When chemical reactions are neglected, these equations can
be written in the following conservative form.

Mass:

@.Á½/

@ t
C r ¢ .Á½u/ D 0 (1)

Momentum:

@.Á½u/

@t
C r ¢ .Á½uu/ D ¡r.Áp/ C r ¢ .Á¿ / ¡

X

i

Fpi n pi (2)

Fig. 1 Schematic diagram of a solid rocket motor.
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Energy:

@.Á½et /

@t
C r ¢ [Á.½et C p/u]

D ¡r ¢ .Áq/ C r ¢ .Á¿ ¢ u/ ¡
X

i

Wpi n pi ¡
X

i

Q pi n pi (3)

where ¿ is the stress tensor. The speci� c total energy et and heat
transfer rate q are de� ned respectively as follows:

et D e C u ¢ u=2; q D ¡¸rT (4)

The void fraction Á is assumed to be unity because the volume
occupied by particles is exceedingly small compared with that of
the gas phase. The source term

¡
X

i

Q pi n pi

in the energy equation denotes the rate of heat transfer from the
particle to the gas phase, and

¡
X

i

Wpi n pi

stands for the work done on the gas phase by particles, with n pi

representing the number density of particles in group i . Speci� c
expressionsof Fpi , Wpi , and Q pi will be given in a later section.

Turbulence Closure
An improved two-layer model taking into account the wall tran-

spiration effect is employed to achieve turbulence closure. The ap-
proach employs the standard k–" model for regions away from the
wall and a one-equationmodel for the near-surfaceregion. Because
surface mass injection tends to reduce the wall damping effect, tur-
bulence length scales close to the wall are modi� ed following the
approach described in Ref. 19.

The two-equation turbulence models are conventionally cali-
brated for � ows under steady-state conditions. Direct application
of these models to unsteady � ow motions remains questionable.To
clarify this issue, a series of experiments have been performed to
study turbulence intensities in boundary layers with external os-
cillations. Cousteix et al.20 concluded that, although the measured
turbulence intensities and Reynolds shear stresses may change sig-
ni� cantly during oscillations,the ratio of the shear stress to its com-
ponent turbulence intensity remains � xed at a value equivalent to
that in a steady � ow. Thus, under certain circumstances, especially
for relatively low-frequency oscillations, a steady-� ow turbulence
model may be used to predict unsteady turbulence behavior. When
the oscillation frequency exceeds a critical value, signi� cant inter-
actions between oscillatory motions and turbulence structures may
occur, as observed experimentally by Ramaprian and Tu.21 These
interactions may seriously compromise the validity of turbulence
models. Several studies have been performed to address this issue.

Table 1 Forces on particles in solid rocket motorsa

Forces Formula Ratio to drag force Ratio to drag force

Drag force26 ¼

8
Cd d2

p ½juR juR 1 1

Virtual-mass force26 ¼

12
C I d3

p½
duR

dt

±
½

½s

²
10¡3 » 10¡2

Basset force26 3

2
d2

p.¼½¹/
1
2 CB £

Z t

to

1

.t ¡ »/
1
2

duR

d»
d»

±
½

½s

² 1
2

10¡2 » 10¡1

Magnus force26 ¼

8
½d3

p­ p £ uR

j­ p jd2
p

24º
Less than lift force

Lift force27 1:6½º
1
2 d2

p juR j
­­­@u

@y

­­­
1
2

£ sign
±

@u

@y

²
J

µ
d2

p .@u=@y/

º

¶ 1
2

J 0 » 10

aDensity ratio 200· ½s /½ · 500 and diameter 2 · dp · 400 ¹m.

For wall-bounded � ows with impressed velocity oscillations, the
� ow near the wall responds quite readily to external forcing and
manifests itself with a rapid phase change of � ow quantities.On the
other hand, the outer region of the boundary layer is not as respon-
sive as the inner layer and behaves in a quasi-steady manner. This
observationsuggests that only thenear-walltreatments in turbulence
models need to be modi� ed to account for � ow unsteadiness.

Fan and Lakshminarayana22 developed a low Reynolds number
turbulence model accommodating � ow oscillations, in which the
local turbulencecharacteristicvelocity (or the local Reynolds num-
ber), instead of the inner variable yC , was used in the formulation
of near-wall functions. The model correctly predicts the unsteady
near-wall velocity pro� le and the unsteady skin function in turbu-
lent boundary layers at various oscillation frequencies. Following
the same approach, the present work extends the two-layer turbu-
lence model described in Ref. 19 to account for � ow unsteadiness
by modifying the inner-layer turbulence length scale. The work is
basedon the experimentalstudy by Kovalnogov,23 in which the heat
transfer and friction in unsteady turbulent � ows with longitudinal
pressure gradients were investigated. A detailed description of the
treatment is given by Cai.24 The modulationof the turbulencestruc-
ture by the particle phase is formulated using the model developed
by Mostafa and Mongia.25

Governing Equations for Particle Phase
Particle dynamics is modeled using a Lagrangian approach. To

facilitatenumericalcalculations,individualparticlesare treatedcol-
lectively as a “parcel,” which represents a family of physical par-
ticles having identical size, velocity, and temperature at the same
location. The quantity of particles in each parcel is determined by
the particle loading density. Each particle is governed by Newton’s
second law and energy conservation law:

dxp

dt
D up ; m p

dup

dt
D Fp; m pCs

dTp

dt
D Q p (5)

where xp , up , m p , and Tp are the particle displacement, veloc-
ity, mass, and temperature, respectively. Following the approach
of Faeth,26 an order-of-magnitude analysis of the various forces
on particles is conducted. The numerical result given in Table 1
is based on the � ow conditions representative of an operational
solid rocket motor as described in Ref. 3. The density ratio ½s=½
ranges from 200 to 500 and particle size from 2 to 400 ¹m in
diameter.

If we ignore the virtual-massand Basset forces due to their small
magnitudes and the Magnus force due to the lack of knowledge
about particle angular momentum, the resultant force acting on a
particle is simpli� ed as

Fp D .¼=8/Cd½d2
pjuR juR C FL (6)

The drag coef� cient Cd is determined based on Putnam’s work.28

The work done by a particle on the surroundinggas is expressed as
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Wp D Fp ¢ up (7)

The convective heat transfer between the particle and gas phases
is

Q p D ¼dp N u¸.T ¡ Tp/ (8)

where the Nusselt number is calculatedusing Whitaker’s formula.29

The effect of turbulenceon particle dynamics is treated using the
stochastic separated � ow (SSF) model developedby Shuen et al.,30

in which particles are assumed to interact with a succession of tur-
bulent eddies as they move through the computationaldomain. The
durationof interactionbetween an eddy and a particle is determined
from the smaller one between the eddy life time and the transit
time required for a particle to traverse the eddy. The assumption
of isotropic turbulence in the SSF model is justi� ed by the stud-
ies of Chen and Pereira31 and Burry and Bergeles,32 in which two
improved SSF models were developed to account for turbulence
anisotropy. Results indicate that the use of anisotropic scales ex-
erts minor in� uence in predicting the mean velocity and turbulent
kinetic energy of the particle phase.

Particle Collision, Breakup, and Coalescence
Metal particles usually appear as liquid droplets in the high-

temperature environment of a rocket motor. To simulate particle
collisions caused by acoustic oscillations and turbulent dispersion,
the model proposed by Salita33 is introduced, in which two sce-
narios are suggested after the collision of two particles: stable co-
alescence and temporal coalescence followed by separation, with
the � nal separated particles being identical to the incident droplets.
The condition for stable coalescence is that the rotational energy
due to collision is less than the surface energy required to hold the
agglomerated particle, and a critical resultant angular momentum
is proposed according to Salita’s work. The condition for particle
breakup is based on the broken balancebetween drag force and sur-
face tension and can be characterizedusing a criticalWeber number
Wec as summarized by Lefebvre.34 Two identical smaller particles
are produced with the same � ow properties after breakup.

III. Numerical Scheme
A characteristic trait of rocket motor internal � ows is that the gas

velocity in the bulk of the computational domain is much smaller
than the acoustic speed. Therefore, conventional numerical algo-
rithms developed for compressible � ows may encounter two major
dif� culties: 1) disparity of the eigenvaluesof the system and 2) sin-
gular behavior of the pressure gradient in the momentum balance.
To circumventthesedif� culties,a preconditioningtechniquein con-
junction with an implicit dual time-stepping integration method as
detailed in Ref. 35 is employed in the presentstudy.The scheme has
proven to be quite ef� cient and robust over a wide range of Mach
numbers and can achieve a high degree of temporal accuracy with
only a modest increase in computation cost. Moreover, because the
governing equations are solved implicitly, the numerical method is
very stable and allows the selection of the integration time step to
be dictated by physical processes rather than numerical stability.

The Runge–Kutta–Gills method was chosen for solving the
particle-phase governing equations. The physical time step for the
particle-phase calculation is less than 1

10 of the momentum relax-
ationtime.Computationof the two-phase� ow is conductedin a fully
coupled manner, with the source terms associated with two-phase
interactions updated at every gas-phase computational iteration.

IV. Attenuation and Dispersion of Acoustic Waves
by Particles

Epstein and Carhart36 establishedan analyticalmodel, which was
later validated by the experiments of Zink and Delsasso,37 to quan-
tify the attenuation and dispersion of acoustic waves by rigid parti-
cles in a gaseousmedium. The analysiswas recentlygeneralizedby
Temkin38;39 to accommodate the particle compressibility produced
by the relative motions between host � uid and particles. Thus, the

resultant theory is applicable to aerosols,bubbly liquids, emulsions,
and hydrosols.

By following the approach of Epstein and Carhart,36 the spatial
attenuationcoef� cient due to two-phase momentum exchange ¯v is
given by

¯v D .3¼ndp=a/º.1 C Y /Iv (9)

where

Iv D 16Y 4=[16Y 4 C 72±Y 3 C 81±2.1 C 2Y C 2Y 2/] (10)

with

Y 2 D !d2
p

¯
8º D 9

4
.½=½s /!¿v; ± D ½=½s (11)

The momentum relaxation time of particle ¿v is de� ned as

¿v D ½sd
2
p

¯
.18½º/ (12)

It characterizes the time required for a particle to reach momen-
tum equilibrium with the ambient � uid in response to a local � ow
variation.

The spatial attenuation coef� cient due to the irreversible � ow of
thermal energy between the gas and particle phases ¯® is given by

¯® D .2¼ndp=a/®.° ¡ 1/.1 C Z /I® (13)

where

I® D 4Z 4
¯£

4Z 4 C 12±.Cp=Cs/Z 3 C 9±2.C p=Cs/
2
¤

(14)

with

Z 2 D !d2
p

¯
8® D 3

2 .½=½s/.Cp=Cs/!¿® D 9
4 .½=½s/Pr!¿v

® D ¸=½C p (15)

The thermal relaxation time of particle ¿® is de� ned as

¿® D ½sCs d
2
p

¯
.12½C p®/ (16)

which characterizesthe time required for a particle to reach thermal
equilibrium with the ambient � uid in response to a local � ow vari-
ation. Clearly, both Iv and I® depend on the frequency of acoustic
oscillation,density ratio, and particle relaxation times. With appro-
priate manipulations of Eqs. (9) and (13), the total acoustic attenu-
ation coef� cient due to two-phase interactions, ¯.D ¯v C ¯® /, can
be obtained as

¯¸a D .2¼=!¿v/Cm

£
.1 C Y /Iv C .1 C Z/.° ¡ 1/I®

¯¡
3
2
Pr

¢¤
(17)

where ¸a is the wave length of acoustic oscillation and Cm the par-
ticle mass fraction,de� ned as the mass ratio of particle to gas phase
per unit volume of the two-phase mixture.

The acousticwave speed is determinedby assuming that the two-
phasemixture can be treatedas a perfectgas with its thermodynamic
properties modi� ed by the presence of particles,

Na2 D N° NR NT D
NC p

NCv

p

N½
D .Cv C C 0

v C R/

.Cv C C 0
v/

p

.½ C ½ 0/
(18)

where the overbar denotes the effective property of the two-phase
mixture and the prime the correction term resulting from two-phase
interactions.For a dilute particle-laden� ow with a low or moderate
particle mass fraction, to � rst-order approximation, modi� cations
of the density and speci� c heat can be written as

½0 D ½Cm .1 ¡ Iv/; C 0
v D CsCm .1 ¡ I®/ (19)

Substitution of Eq. (19) into Eq. (18) and neglect of higher-order
terms gives rise to the followingequationfor quantifyingthe change
of acoustic velocity caused by the presence of particles:

1a D a ¡ Na ¼ .aCm=2/
¡
Cs R

¯
C2

p

¢
.1 ¡ I®/

C .aCm =2/.1 ¡ Iv/ (20)
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a)

b)

c)

Fig. 2 Effect of particles on a) attenuation, b) dispersion, and c)
impedance of acoustic waves in two-phase mixtures: 4 and ¤, numer-
ical simulation, and ——, theoretical prediction.

The � rst termon the right-handside accountsfor the velocitychange
due to the increase in heat capability, an effect directly related to
the enhanced compressibility of the mixture. The second term is
responsiblefor the particledispersioneffect associatedwith viscous
damping.

As part of the model validationeffort, the attenuationand disper-
sion of acousticwaves by particles in a channel � ow is studied.The
physical model measures 1.88 m in length and 0.1 m in height. The
meanpressureand temperateare 1 atm and300 K, respectively.Peri-
odic pressureoscillationswith a magnitudeof 1% of the mean value
is imposed at the entrance where premixed air and aluminum par-
ticles � ow in. Nonre� ecting boundary conditions are applied to the
exit to allow for traveling acoustic waves in the channel. Figure 2a
shows good agreement of the spatial attenuation coef� cient of the
acoustic wave between the numerical predictions and the theory of
Epstein and Carhart36 over a wide range of oscillation frequency,
particle size, and loading density.The open symbols and solid lines
denote numerical and theoretical values, respectively. There exists
an optimumparticlesizewith !¿v D 1 at which themaximumdamp-
ing of acousticmotion occurs.For tiny particlesthat can closely fol-
low wave motionswith Iv D I® ¼ 0, the relativevelocityand temper-
ature differences between the two phases become so small that the
viscous and thermal dissipation is insigni� cant. On the other hand,
large particles with Iv D I® ¼ 1 can hardly follow the wave motions
to cause effectivemomentum and energy exchange, thereby leading
to negligible acoustic attenuation.Only particlesbetween these two
extremes exert dissipation on wave motions.

This observation can also be conceived in the particle disper-
sion effect, as shown in Fig. 2b. Propagation of acoustic waves in
a particle-� lled gas medium involves a series of rarefaction and
compression processes, during which both momentum and ther-

mal exchanges take place between particles and neighboringgases.
For small particles, equilibria with surrounding gases can be eas-
ily reached to allow particles to be treated as an additional gaseous
species. For particles with relaxation times much greater than the
period of acoustic wave, however, the large thermal inertia pro-
hibits effective energy transfer between the gas and particles. The
compressibilityof the gaseous medium remains almost unchanged,
and the acoustic wave speed has a value corresponding to that in
a pure gas. Note that this result bears a strong resemblance to that
given in Ref. 3 (p. 754) using a different approach, in which the
particle relaxation effects are incorporated in a uni� ed theory for
treating combustion instabilities in two-phase mixtures. Excellent
agreement of the acoustic wave speed is obtained for small !¿v and
Cm . The theory in Ref. 3, however,underpredictsthe speed of sound
by 4% for Cm D 0:4 in the limit of !¿v ! 1.

Figure 2c shows the acoustic impedance of the two-phase mix-
ture, ½a, as a functionof the nondimensionalfrequencyand particle
mass fraction. The effective mixture density and speed of sound are
determined according to Eqs. (19) and (20). For low frequencies
or small particles, !¿v ! 0, the effective density N½ approaches its
asymptotic value of an equilibrium � ow, with N½ D ½.1 C Cm /. On
the other hand, if the frequencyis relativelyhigh or the particles are
large, that is, !¿v ! 1, the density correctionterm ½0 vanishesand
N½ simply takes the value of the pure phase, with N½ D ½ .

V. Gas-Phase Motor Internal Flow Development
As a speci� c example, the Culick/Yang research motor3 is em-

ployed in the presentstudy.The chamber measures5.1 cm in diame-
ter and 0.6 m in length. The mean chamber pressure is 100 atm, and
the mean temperature of 3500 K corresponds to the adiabatic � ame
temperatureof a metallizedammoniumperchlorate/hydroxyltermi-
nated polybutadine(AP/HTPB) solid propellant.Air and aluminum
particlesare injectedthroughthewalls to simulate the � ow evolution
of the combustion products.The air mass � ux of 20.2 kg/m ¢ s is ob-
tained based on the measured propellant burning rate of 11.2 mm/s
and density of 1800kg/m3. The correspondinginjectionMach num-
ber based on the surface injection velocity is 1.7 £ 10¡3. The turbu-
lent kinetic energy kw and its dissipation rate "w at the surface are
speci� ed following the approach of Beddini,40 which accounts for
the effects of surface roughness and initial turbulence intensity,

kw D ¾ 2
v jvw j2; "w D C

3
4

u kw

¯
lw (21)

where vw is the surface injectionvelocityand ¾v a parametercharac-
terizing the surface roughness, which is assigned a value of 0.035.
Cu is an empirical constant set to 0.09. The characteristic length
scale of turbulence, lw , is taken to be 200 ¹m in the present study.

Periodic pressureoscillationswith amplitudesof 2% of the mean
valueare imposedat theexit to generatelongitudinalstandingacous-
tic waves in the chamber. The computational grid for the gas phase
consists of 70 and 140 points in the axial and radial directions,
respectively.The grids are clustered near the injection surface to re-
solve the vortical wave structure and turbulent boundary layer. The
smallest grid near the wall corresponds to yC D 5, and each vortical
wavelength is covered by at least 10 grids. Attention is also given
to the resolution of the vortical wave in the core-� ow region where
the wave length diminishes due to the vanishing mean-� ow radial
velocity near the centerline of the chamber.5

Stationary Flow� eld
Figure 3 shows the distributions of the Mach number and tur-

bulence properties under a steady-state condition. The overall � ow
development in the chamber can be characterized by three distinct
regimes: laminar, transitional,and fully developedturbulent� ow, as
elucidatedin Refs. 7, 40, and 41. The � ow is predominantlylaminar
in the upstream regime and undergoes transitions to turbulence at
x D 0:2 m as a result of hydrodynamic instability. Unlike channel
� ows without surface mass injection, the outbreak of turbulenceoc-
curs away from the walls. The peak in turbulence intensity moves
closer to the wall in the downstreamdirectionuntil the surface injec-
tionprohibitsfurtherpenetrationof turbulence.As the � ow develops
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a)

b)

c)

Fig. 3 Steady-state conditioncontour plots of a) Mach number, b) tur-
bulent kinetic energy, and c) ratio of turbulent to laminar viscosity.

a) First longitudinalmode (f = 1885 Hz)

b) Second longitudinalmode (f = 3770 Hz)

Fig. 4 Contour plots of amplitude of axial velocity � uctuation in lam-
inar � ow.

farther downstream, the velocity pro� le transits into the shape of a
fully developedturbulentpipe � ow with surface mass injection.The
axial velocity becomes much steeper near the wall, but smoother in
the core region.

Acoustic and Shear Flow� elds
In the present nonreacting� ow study, the oscillatory � ow� eld in

the chamber involvesonly acoustic and vorticalmotions.To provide
direct insight into the wave interactionswithout complicationsaris-
ing from turbulence,we � rst treat a short chamber with a length of
0.3 m, in which the � ow is predominantly laminar. Figure 4 shows
the contour plots of the amplitude of the axial-velocity � uctuation
for the � rst two longitudinal modes. The corresponding frequen-
cies are 1885 and 3770 Hz, respectively. Only the upper portion
near the wall is presented to achieve better spatial resolution. The
complex structure adjacent to the surface indicates the existence
of an acoustic boundary layer, within which rapid velocity � uctua-
tions associated with unsteady shear (or vorticity) waves occur.5¡8

a) First longitudinalmode (f = 943 Hz)

b) Second longitudinalmode (f = 1885 Hz)

Fig. 5 Contour plots of amplitude of axial velocity � uctuation in both
laminar and turbulent � ows.

Vorticity disturbance is produced at the lateral boundary to satisfy
the no-slip condition for a viscous � ow. It then propagates inward
at the local � ow velocity and is � nally damped out by viscous dis-
sipation. Consequently, a simple acoustic � eld is rendered in the
core-� ow region, with a one-dimensionaldistribution of the veloc-
ity � uctuation, which can be accurately predicted using classical
acoustic theory. Because the viscous damping effect on the vortic-
ity wave is proportional to the oscillation frequency,5;6 the acoustic
boundary-layer thickness, de� ned by the vertical location at which
the shear wave amplitude decays to less than 1% of the acoustic
velocity amplitude, of the � rst mode is about two times greater than
that of the second mode, as evidenced in Fig. 4.

The full-scale Culick/Yang3 research motor measuring a length
of 0.6 m is employed to study the interactions between a stationary
turbulent � ow and acoustic oscillation.Figure 5 shows the distribu-
tions of the amplitude of the axial velocity � uctuation of the � rst
two longitudinalmodes at the frequencies of 943 and 1885 Hz, re-
spectively. Compared with its counterpart in the upstream laminar
region, the vorticity wave in the downstream turbulent region is
considerablydamped out by the turbulence-inducededdy viscosity.
Turbulencecaneffectivelysmearoutanyorganizeddisturbancegen-
erated from the surface within a short distance, rendering a nearly
one-dimensional oscillatory � eld in the bulk of the chamber ex-
cept for a thin acoustic boundary layer near the surface.A thorough
discussion of this subject may be found in Refs. 6 and 8.

On the other hand, acoustic oscillationsexert strong in� uence on
unsteady� ow evolution. In particular,a single-harmonicoscillation
may excite a � uctuating � ow with a broadband frequency spec-
trum, a phenomenon referred to as acoustically induced turbulent
motions. Generation of turbulence by organized external forcing
can be viewed as an energy transfer process from the acoustic to
the turbulent � ow� eld. Apte and Yang8 showed in their large-eddy
simulations of injection-driven� ows that the coupling between the
Reynolds stress and the spatial gradientof the acousticvelocitypro-
vides a mechanism to transfer the kinetic energy from acoustic mo-
tions to turbulent� uctuations.Furthermore,an early transitionfrom
laminar to turbulence may occur, depending on the forcing ampli-
tudeand frequency.In general,theeffectof energyexchangetendsto
bemoreprofoundfor low-frequencyacousticoscillationsandcanbe
characterizedusing a nondimensionalparameter,k

p
. f º/=a, where

k is a constant scaling factor. Figure 6 shows the radial distributions
of time-averagedturbulencekineticenergyat variousaxial locations
for the � rst longitudinalmode. The correspondingproperty of a sta-
tionary � ow is also included for comparison. An enhanced level
of turbulence due to acoustic excitation is clearly observed. The
acoustic wave can indeed induce � ow instability and cause transfer
of energy from the organized to the turbulent � eld.
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Fig. 6 Radial distributions of turbulent kinetic energy at variousaxial
locations for f = 943 Hz and " = 0.02: - - - -, without forced oscillation,
and ——, with forced oscillation.

Fig. 7 Bimodal log-normal distribution of particle size.

VI. Two-Phase Flow Interactions
with Acoustic Oscillations

Particle Size Distribution in Rocket Motor
Based on Salita’s study of several operational metallized solid

propellants,42 the size distributionof aluminum particles in a rocket
motor typically follows a bimodal log-normal pro� le. The cumula-
tive mass distribution can be expressedwith the following formula:

f .dp/ D 1
2

©£
1 C erf

¡
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¯p
2
¢¤
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£
1 C erf

¡
z2

¯p
2
¢¤
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ª
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where

z1 D .1=¾1/ log10.dp=dm1/; z2 D .1=¾2/ log10.dp=dm2/ (23)

with dm1 and dm2 the mass-mean diameters, ¾1 and ¾2 the standard
deviations for the two modes, respectively, and f0 the modal mass
fraction. For the � rst mode, which accounts for 80% of the total
mass, the mass-mean diameter and standard deviation are found
to be 1.5 ¹m and 0.2, respectively, regardless of pressure, quench
distance, quench liquid, and propellant. For the second mode, the
standard deviation is about 0.4 and is independent of the factors
just listed, but the mass-mean diameter decreases with increasing
pressure. In the present work we choose 150 ¹m, following the
work of Sabnis et al.11 The resultant cumulative mass distribution
is shown in Fig. 7. Small particles comprising oxidized aluminum
appear as smoke, wheras large particles are composites of burned
and unburned aluminum.

Two different kinds of particle size distribution are treated in
the present study. The � rst case assumes a uniform size distribution
throughoutthe entire injectionsurface,so that the particlesize effect
can be carefully examined. Two characteristic diameters in Fig. 7
are considered: 1) 10 ¹m, the upper limit of the particle size in the
� rst mode, accounting for 80% of the total mass, and 2) 100 ¹m,
a typical particle size close to the lower limit in the second mode.
In the second case, the particle size follows the bimodal log-normal
distributiongiven in Fig. 7. The quantityof particles at the injection
surface is determined jointly by the mass distribution function and
mass � ow rate of particles.

Particlesare injectedin groupsof parcelsfrom70 locations,which
are uniformly distributed along the side wall of the chamber. The
mass � ow rate of each parcel is determined by

Pm pi D ni

¡
4
3
¼d3

pi ½p

¢
¢ f p (24)

where ni and dpi are the number and diameterof particlesin parcel i ,
respectively,and f p is the particle injectionfrequency.An algorithm

describedin Ref. 43 is employed to ensure that the injectedparticles
follow the prespeci� ed size-distribution function. In principle, the
particle injection velocity falls in the range between the propellant
burning rate and the correspondinggas-phasevelocity. Because the
void fractionÁ is assumed to be unity and the particles are treatedas
a discretephase, theparticlevelocityat the injectionsurfacedoes not
in� uence the particle-phasemass � ow. Under stationaryconditions,
Madabhushiet al.44 studiedthe sensitivityof particledynamicsto the
injectionvelocityby varyingthe latter between1 and 25% of the gas
velocity at the surface. The result shows that the particle dynamics
is insensitive to the injection velocity. Vuillot et al.14 examined the
effect of the particle injection velocity on the gas-phase� ow� eld in
an oscillatory environment, in which the particle injection velocity
was varied from0.4 to 83% of thegasvelocity.The resultantchanges
in the attenuation and dispersion of the acoustic wave appear to
be negligible. In light of its limited in� uence on the oscillatory
� ow� eld, the particle velocity at the injection surface is � xed at
10% of the gas-phase velocity throughout the present study.

Acoustic- and Turbulent-Flow-Induced Particle Dispersion
Particle dispersiondue to acousticoscillationcan be conveniently

examined through snapshotsof the particle � eld, from which a gen-
eral description of the in� uence of acoustic motion on particle dy-
namics can be conceived. Figure 8 shows the result for the short
chamber in which the � ow is predominantly laminar. For a uni-
form distribution of particle diameter of 100 ¹m, the streak lines
originating from the surface can be clearly de� ned in the bulk of
the � ow� eld, except in the middle of the chamber where a large
excursion of acoustic velocity takes place. The deviation from the
mean path appears to be limited because of the large particle iner-
tia. The lack of interweaving of trajectories suggests poor mixing
among particles. The situation with small particles with a diameter
of 10 ¹m, however, is drasticallydifferent.Althoughthe streak lines
can still be identi� ed near the surface, they experience large excur-
sions of oscillations in the core region, leading to a chaotic particle
� eld. The phenomenon can be explained in terms of the acoustic

a)

b)

c)

Fig. 8 Snapshotsof particle � eld in laminar� ow with � rst longitudinal
mode of acousticoscillation(f = 1885 Hz): a) dp = 100¹m, b) dp = 10 ¹m,
and c) bimodal size distribution.
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characteristic time ¿a , de� ned as the time period of the acoustic
wave, and the particle momentum relaxation time ¿v . In the present
case, ¿a is approximately 0.5 ms, and ¿v D 0:1 and 10 ms for the
small (dp D 10 ¹m) and large (dp D 100 ¹m) particles, respectively.
Clearly, small particleshave a much shorter relaxationtime than the
acoustic characteristic time and, consequently, can closely follow
the local � ow oscillation. Large particles are much less responsive
and basically stay with their steady-state trajectories.The snapshot
of the particle � eld for the case with a bimodal size distribution is
given in Fig. 8c. The distinct streak lines observed in the earlier two
cases become obscured. The particles are well mixed in the core
region. Based on this observation,we may conclude that collisions
among particleswith a uniform size distributionare unlikely to take
place in a laminar � ow� eld with acoustic excitation.A nonuniform
distributionof particlesis requiredfor collisions to occur. The wider
the range of particle size is, the greater the opportunity is for parti-
cles to collide. The situation, however, may become fundamentally
different in turbulent � ows in which turbulent dispersion may sub-
stantially modify the particle dynamics.

The extent of particle dispersion by turbulence can be character-
ized by the product of the mean squared � uctuating velocity and
the integral timescale of the particle.30 Both parameters are closely
related to the inertia of a particle. The particle integral timescale
measures the time interval over which the particle velocity is corre-
lated with its initial velocity before being in� uenced by turbulence.
Thus, larger particleswith greater inertia have highervalues of inte-
gral time.Figure9 shows the snapshotsof the particle� elds with two
differentuniformsize distributions,that is, 10 and 100 ¹m in diame-
ter, in the long chamber under the � rst longitudinalmode of acoustic
oscillation. Well-de� ned particle streak lines are clearly observed
in the upstream laminar � ow region for both cases. Small particles
can follow acoustic wave motions because of their low momentum
inertia. In the downstream turbulent � ow region, however, the orga-
nized paths of small particles are destroyed and interweaved with
their adjacentones, resulting in a well-mixed homogeneousparticle
� eld. Turbulence dispersionexerts a strong in� uence and may even
exceed the impact of acoustic wave on particle motion, depending
on the local acoustic velocity � eld. For large particles, the streak
lines remain in shapes similar to their laminar counterparts. The
high inertia of the particles renders the turbulence dispersioneffect
comparatively small.

Effect of Particles on Acoustic Flow� eld
The effect of particles on oscillatory � ow motions can be conve-

niently demonstrated by considering the instantaneous � uctuating

a)

b)

Fig. 9 Snapshots of particle � eld in turbulent � ow with � rst longitu-
dinal mode of acoustic oscillation (f = 943 Hz): a) dp = 100 ¹m and b)
dp = 10 ¹m.

a)

b)

c)

Fig. 10 Amplitudes of axial velocity � uctuation in laminar � ow with
� rst longitudinal mode of acoustic oscillation (f = 1885 Hz, Cm = 0.2,
and " = 0.02) at a) x/L = 1

3 , b) x/L = 1
2 , and c) x/L = 2

3 .

velocity � eld. Figures 10 and 11 present the radial distributions of
the amplitude and phase of the axial velocity � uctuation, respec-
tively, in the short chamber (L D 0:3 m), where the mean � ow is
basically laminar. The particle mass fraction Cm is 0.2, and the par-
ticle injection velocity is 0.1 m/s. The acoustic oscillation is of the
� rst longitudinal mode with a frequency of 1885 Hz. Two distinct
regions are noted. The � rst one encompasses the near-wall � ow� eld
(r=R > 0:6), where both the acoustic and vorticity oscillations pre-
vail. In the second region (r=R · 0:6), the vorticitywave diminishes
due to viscous dissipation, and the oscillatory � eld is solely dom-
inated by the acoustic motion. In general, particles tend to reduce
the amplitude of acoustic waves through their momentum and ther-
mal exchangeswith surroundinggases, a phenomenonthat has been
discussed in connection with Fig. 2. The net effect on the acoustic-
wave attenuation, dispersion, and impedance depends on the parti-
cle loading density, momentum and thermal relaxation times, and
acoustic oscillation frequency.Small particles are more effective in
modifyingthe acoustic impedance.½a/ characteristicsbecausethey
can easily reach thermodynamicequilibriumwith the local gaseous
� eld and, consequently, increase the mixture compressibility. The
situation with large particles, however, is drastically different. The
disparity of particle relaxation and acoustic timescales may decou-
ple the oscillatoryprocesses in the two phases.As a result, particles
exert negligible in� uence on the acoustic impedance of the two-
phase � ow. The acoustic velocity in a mixture with large particles
is identical to its counterpart in a pure gas � ow� eld.

With theassumptionof an idealmixture, theacousticvelocityam-
plitude can be related to the acoustic pressureamplitude as follows:

ju 0j D jp0j=½a (25)

where the effective mixture density N½ and speed of sound Na are
determined using Eqs. (19) and (18), respectively. For small parti-
cles with dp D 10 ¹m, the momentum relaxation time of 0.1 ms is
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a)

b)

c)

Fig. 11 Phases of axial velocity � uctuation in laminar � ow with � rst
longitudinal mode of acoustic oscillation (f = 1885 Hz, Cm = 0.2, and
" = 0.02) at a) x/L = 1

3 , b) x/L = 1
2 , and c) x/L = 2

3 .

much less than the acoustic time of 0.5 ms. The effective mixture
density N½ approaches its asymptotic value of N½ D ½.1 C Cm / for in-
� nitesimally small particles or low frequencies. For large particles
with dp D 100 ¹m, N½ and Na remain the same as those of a single
gas � ow. The numerical results shown in Fig. 10 are in excellent
agreement with the analytical solution given by Eq. (25). The small
deviation of less than 0.1% may arise from numerical errors due
to grid resolution. The maximum velocity amplitude occurs at the
middle of the chamber, with ju 0jmax D 13:2 m/s for dp D 10 ¹m and
15.4 m/s for dp D 100 ¹m. The phase distributionsgiven in Fig. 11
indicate that the acoustic pressure leads the acoustic velocity by a
phase angle of 90 deg for such a standing longitudinalwave system.
The small deviation associated with large particles, dp D 100 ¹m,
may be caused by the dispersion effect and numerical error. The
rapid phase variation in the near-wall region arises from the vor-
ticity wave, as detailed in Refs. 5, 6, and 8. An analytical study
by Thomas et al.45 indicates that the damping effect of particles on
acousticmotion is reducedby the presenceof the vorticalwave. The
extent of this reduction can be characterized jointly by the particle
size and the acoustic Strouhal number de� ned as Sr ´ Rkn=Mb ,
with R, kn , and Mb being the chamber radius, wave number, and
injection Mach number, respectively.Because the Strouhal number
is on the order of 100 in the present work, the effect of vorticity
on particle acoustic damping is minimal, about 1% for dp D 10 ¹m
and 20% for dp D 100 ¹m. Because the acoustic damping effect of
large particlesis already small, the net reductionassociatedwith the
vortical wave is barely observed, as also suggested in Ref. 45.

The preceding analysis of acoustic impedance and velocity � eld
remains valid even for a turbulent � ow. Figure 12 shows the radial
pro� les of the amplitude of the axial velocity � uctuation at the mid-
section of the full-length chamber (L D 0:6 m), where the � ow is
turbulent in the downstream region. All of the injection conditions

Fig. 12 Amplitude of axial velocity � uctuation in turbulent � ow with
� rst longitudinal mode of acoustic oscillation (f = 3770 Hz, Cm = 0.2,
and " = 0.02) at x/L = 1

2 .

Fig. 13 Analytical solutionofamplitudeof vorticity � uctuation in lam-
inar � ow with � rst longitudinalmodeof acousticoscillation(f = 1885Hz,
Cm = 0.2, and " = 0.02) at x/L = 1

2 .

and particle mass fraction are identical to those for the short cham-
ber. As in the laminar � ow case, the in� uence of large particles on
the acoustic velocity is negligible because of their high inertia, and
small particles can effectively reduce the velocity oscillation. The
calculated velocity � uctuation amplitude at the acoustic pressure
nodal point (x=L D 0:5) is the same for both the short and full-
length chambers. Turbulence exerts little in� uence on the acoustic
wave structure. Its primary contributionlies in the dissipationof the
vortical motion through the turbulence-enhancededdy viscosity.

Effect of Particles on Vortical Flow� eld
A theoretical basis is established to explore the interactions be-

tween particles and the vortical � ow motions. Following the ap-
proach of Flandro,5 the oscillatory velocity and temperature � elds
are split as follows:

u0 D ua C uv; T 0 D Ta C Tv (26)

where the primed quantities represent � uctuating properties to � rst-
order approximation and the subscripts a and v the acoustic and
vortical modes, respectively. The equation governing the unsteady
vortical motion in a two-phase mixture is derived by substituting
Eq. (27) into the linearized momentum equation,

@uv

@t
D ¡.ruv ¢ U ¡ uv £ r £ U ¡ U £ r £ uv/

¡ º[r £ r £ uv] ¡ ½s

½

dupv

dt
(27)

whereupv is theparticle� uctuatingvelocityarisingfrom thevortical
� ow motion. Application of the Stokes � ow approximationleads to
the following equation of particle motion:

dupv

dt
D ¡ 18¹

½s d2
p

.upv ¡ uv/ (28)

Equations (27) and (28) provide an analytical framework for de-
termining the oscillatory vortical � eld in a two-phase mixture.
Figure 13 shows the result of the � rst longitudinal-mode oscilla-
tion in the short chamber (L D 0:3 m) at x=L D 1

2 . Three different
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Fig. 14 Comparison between analytical and numerical solutions of
amplitude of vorticity � uctuation in laminar � ow with � rst longitudinal
mode of acoustic oscillation (f = 1885 Hz, Cm = 0.2, and " = 0.02) at
x/L = 1

2 .

a)

b)

Fig. 15 Particle size distribution in laminar� ow with � rst longitudinal
mode of acoustic oscillation (f = 1885 Hz, Cm = 0.2, and " = 0.02) at
a) injection surface and b) chamber exit.

particle sizes are considered, with !¿v D 0.1, 1.0, and 10. The par-
ticle mass fraction Cm remains � xed at 0.2. The damping effect of
particles on the vortical � ow motion is clearly observed. In particu-
lar, an optimum size with dp D 6:7 ¹m, correspondingto !¿v D 1:0,
is obtained to exert the maximum dissipation on � ow oscillations.
Figure 14 shows good agreementbetween the analyticaland numer-
ical predictions.

Particle Intraphase Interaction
Particle intraphase interactions under the in� uence of acoustic

oscillations are studied by comparing the particle size distributions
at the injection surface and the chamber exit. Figure 15 shows the
result for the short chamber with the � rst longitudinal mode of
acousticoscillation.The particles follow a bimodal size distribution
at the injection surface as described earlier. The distribution at the
chamberexit is spatiallyaveragedin the radialdirection.The particle
mass fraction Cm is 0.2. As a consequenceof particle collision and
coalescencedue to � owoscillations,a considerabledecreasein mass
fraction for particles less than 10 ¹m is observed at the chamber
exit, whereas the mass-mean diameter increases from 35 to 60 ¹m.
In contrast, for particles with an initially uniform size distribution,
the change of mass-mean diameter appears limited, which indicates
negligible intraphase interactions among particles.

Turbulence may substantially modify the particle dynamics
through its dispersioneffect. Even for particles with a uniform size
distribution, collision, coalescence, and agglomeration may occur
in regions with strong turbulence intensity, as evidenced in Fig. 9.

Fig. 16 Particle size distribution in turbulent � ow with � rst longitudi-
nal mode of acoustic oscillation (f = 943 Hz, Cm = 0.2, and " = 0.02) at
chamber exit.

To investigatethe particle intraphaseinteractionsin a turbulent� ow,
we consider the injection of particles with a bimodal distribution to
the full chamber (L D 0:6 m). Figure 16 shows the particle size dis-
tribution at the chamber exit. The mass fraction of small particles
with dp · 10 ¹m decreasesfrom65% in a laminar � ow to 58% in the
present turbulent � ow case, and the mass-mean diameter increases
from 60 to 71 ¹m. Turbulencedispersionand the increasedparticle
residence time in the long chamber indeed enhance the probability
of particle collision and ensued agglomeration. Note that, in both
the laminar and turbulentcases, the particle size at the chamber exit
remains a bimodal distribution, but with a different mean value for
each mode. Coalescence mainly occurs between small particles of
the � rst mode and large particles of the second mode. The mass
fractions of medium-size particles, that is, 10 · dp · 20 ¹m, and
large-size particles, that is, 320 · dp · 640 ¹m, are not changed,
suggesting that agglomeration among particles within each mode
is insigni� cant. To further clarify this issue, particles with a uni-
form size distribution of dp D 10 ¹m are injected. The mass-mean
diameter at the chamber exit only increasesslightly to 10.1 ¹m. Co-
alescence among particles with the same size is just not effective in
spite of the turbulence dispersion effect. This � nding is consistent
with the observation by Salita33 that the collision of micrometer-
size Al2O3 with large agglomerates results in nearly 100% co-
alescence, whereas the large-particle collision ef� ciency is only
about 5%.

Summary
A comprehensive numerical analysis based on a combined

Eulerian–Lagrangian approach has been established to study the
two-phase � ow interactions in solid-propellant rocket motors with
acoustic oscillations.The model treats the complete gas-phase con-
servation equations in axisymmetric coordinates and the particle
equations of motion and energy conservation.The interphase inter-
actions between the gas and particle phases are modeled by means
of mass, momentum, and energy exchanges.Turbulenceclosure for
the gas phase is achieved using a modi� ed two-layer model. Also
included in the formulation is the turbulence dispersion effect on
particle dynamics.

As part of the model validation effort, the analysis was � rst ap-
plied to investigate the acoustic wave attenuation and dispersion in
a two-phase mixture of gas and particles. The results show good
agreement with the linear theory of Epstein and Carhart,36 in terms
of attenuationcoef� cient, acousticvelocity,and acoustic impedance
as a function of frequency, particle relaxation times and mass frac-
tion, and gas-phase properties. The numerical analysis was then
implemented to examine the two-phase � ow interactions with ex-
ternallyimposedacousticwavemotionsin anoperationalrocketmo-
tor previouslystudiedby Culick and Yang.3 Strong couplingamong
acoustic oscillations, vortical motions, turbulent � uctuations, and
particle dynamics is observed. Acoustic waves tend to enhance tur-
bulence intensity and give rise to an early transition from laminar
to turbulent � ow through energy transfer from the organized oscil-
latory � eld to the broadband turbulent � ow� eld. On the other hand,
turbulence can effectively increase the eddy viscosity and, conse-
quently, dissipate the vortical wave originating from the injection
surface.
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The effect of particles on the oscillatory � ow� eld is mainly dic-
tated by their relaxation times, de� ned as the time required for a
particle to reach equilibrium with the surrounding gas in response
to a local � ow variation, and the acoustic wave characteristic time.
A maximum dissipation of � ow oscillations occurs when these
timescalesbecome comparable.Small particles exert little in� uence
on acoustic wave attenuation, but substantially modify the acous-
tic wave speed and impedance through its effect on mixture com-
pressibility.Large particleswith characteristic times disparate from
acoustic times tend to decouple from the local � ow oscillationsand,
consequently, render a negligible effect on wave motions.

Turbulent dispersionis mainly observedon small particles.In the
present study, the intraphase interactions among particles such as
collisionand coalescenceoccurprimarily for particleswith different
sizes. Agglomeration within each particle-size group appears to be
insigni� cant, a phenomenoncon� rmed by Salita in his experiments
on particle collisions in simulated motor environments.
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