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A comprehensive numerical analysis has been conducted to explore the development of
liquid-oxygen �LOX� flow in pressure swirl injectors operating at supercritical pressures. The model
is based on full-conservation laws and accommodates real-fluid thermodynamics and transport
phenomena over the entire range of fluid states of concern. Three different flow regimes with
distinct characteristics, the developing, stationary, and accelerating regimes, are identified within the
injector. Results are compared to predictions from classical hydrodynamics theories to acquire direct
insight into the flow physics involved. In addition, various flow dynamics are investigated by means
of the spectral and proper-orthogonal-decomposition techniques. The interactions between the
hydrodynamic instabilities in the LOX film and acoustic oscillations in the gaseous core are clearly
observed and studied. The influences of flow conditions �mass flowrate, swirl strength of the
injected fluid, and ambient pressure� and injector geometry �injector length and tangential entry
location� on the injector flow behavior are systematically characterized in terms of the LOX film
thickness and spreading angle. The axial and azimuthal momentum exchange and loss mechanisms
are also examined. © 2008 American Institute of Physics. �DOI: 10.1063/1.2905287�

I. INTRODUCTION

This paper deals with the cryogenic fluid dynamics of a
pressure swirl injector, as schematically shown by the center
element of a coaxial injector in Fig. 1. The configuration is
representative of contemporary liquid-propellant rocket in-
jectors for liquid/liquid and gas/liquid mixtures.1 Liquid pro-
pellant is tangentially introduced into the center post and
then forms a swirling film attached to the wall due to cen-
trifugal force. A hollow gas core exists in the center region in
accordance with the conservation of angular momentum. The
film exits the injector as a thin sheet and impinges onto the
surrounding fuel stream. The swirl injection/atomization pro-
cess basically involves two mechanisms: Disintegration of
the liquid sheet as it swirls and stretches and sheet breakup
due to the interaction with the surrounding coaxial flow. In
spite of the broad applications of swirl coaxial injectors, fun-
damental studies on the mixing and combustion processes
appear to be limited, especially at scales sufficient to identify
the underlying mechanisms dictating the flow evolution and
flame dynamics, and at high pressures.

Compared to jet injectors, swirl injectors in liquid-
propellant rocket engines distinguish themselves in several
aspects.1 First, the nonuniform mixing of propellants in the
jet core region is avoided and the intraelement mixing is
significantly improved because of the outward spreading of
the liquid spray.2 High mixing efficiency is, thus, possible
even for a large injector flowrate. Second, the large flow
passage in a swirl injector renders the atomization character-
istics to be less sensitive to manufacturing errors. The injec-
tor is also less susceptible to choking and cavitation. Third,
the injected fluid is discharged into the chamber as a hollow
spray cone. The thickness of the liquid film becomes thinner

as it swirls and spreads outward. The resultant mean diam-
eter of droplets is 2.2 to 2.5 times smaller than that produced
by a jet injector with the same pressure drop and mass flow-
rate. The droplet size distribution is also more uniform. Fi-
nally, rocket swirl injectors feature large aspect ratios of up
to 20, due to the manifolding considerations of propellant
supply. The viscous loss along the injector wall exerts sig-
nificant influence on the flow evolution and subsequently
alters liquid atomization characteristics.

Hulka et al.2–4 conducted a series of coldflow studies to
optimize the design of swirl coaxial injectors for liquid rock-
ets. Three different types of experiments were performed in a
quiescent, atmospheric environment. Still photographs were
first taken to measure the spreading angle of a water spray
without a surrounding coflow. The circumferential spray uni-
formity and droplet size distribution were then measured un-
der conditions with and without coflow nitrogen gas by
means of a grid patternator and a Malvern droplet size ana-
lyzer, respectively. The coflow reduces the mean droplet size
but widens the droplet size distribution. Measurements were
also made of the Rupe mixing efficiency by using water and
a sucrose solution to simulate liquid oxygen �LOX� and gas-
eous hydrogen, respectively. A broad range of fuel-to-
oxidizer mixture �0.94–17.8� and velocity �1.15–4.28� ratios
at 1 atm was considered. The mixing efficiency could be
greatly enhanced by increasing the initial swirl strength of
the oxidizer, which is a function of the injector geometric
characteristic parameter. The oxidizer mass flowrate has little
influence on the mixing efficiency. Thus, an oxidizer swirl
element with a mass flowrate greater than that of a shear
coaxial injector can still achieve better mixing efficiency.

A similar cold-flow experiment with water and nitrogen
as injectants was performed by Sasaki et al.5 at room condi-
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tions. Special attention was given to the effect of the center
post recess, which tends to narrow the spreading angle and
cause a deformation of the spray cone. The influence of the
annular coflow on spray characteristics was also investigated.
The swirling liquid sheet that blocked the outer gas-flow
passage in a recessed injector was blown off in a mushroom
shape accompanied with a high-intensity screaming sound.
This phenomenon, known as self-pulsation, may result in
reduced combustion efficiency and high-amplitude pressure
oscillations in the chamber.1,6

The recess effects of the center element on the mixing
characteristics of a swirl coaxial injector were also examined
by Han et al.7 and Kim et al.8 by using kerosene as the fuel
and water as the oxidizer simulant. Backlight stroboscopic
photographs were taken to determine the liquid spreading
angle and breakup length. The median droplet size, propel-
lant mass distribution, and mixing efficiency were measured
by using a phase Doppler particle analyzer �PDPA� and a
mechanical patternator. The influence of the inner-stream
spreading angle was taken into account by considering four
different recess numbers in the range of 0.71–1.37, defined
as the ratio of the recess length to the distance from the
center post to the position where the swirling liquid sheet
impinges onto the outer wall of the annular passage. The
mixing efficiency and propellant mass distribution were
found to be very sensitive to the recess length. The Sauter
mean diameter of droplets decreased slightly with increasing
recess length and could be correlated with the empirical
equations suggested by Lefebvre9 and Jones.10

Marchione et al.11 recently used a PDPA system to mea-
sure the mean droplet size and velocity profiles of a kerosene
spray produced by a swirl injector. The experiment was con-
ducted in a quiescent environment at 1 atm. Instantaneous
images were taken with a high-speed charge-coupled device
camera to analyze both the static and oscillatory behaviors of
the spray. The spray angle estimated based on the measured
mean droplet size and velocity agreed well with the results
derived from the images. Two oscillation modes of the spray
at a low frequency of 100 Hz and a high frequency of
1800 Hz were identified by analyzing the Mie scattering in-
tensity in different regions. Those modes of oscillation could
induce a variation of the local air/fuel ratio.

All the aforementioned studies2–5,7,8,11 were conducted at

1 atm without considering the effects of the elevated pres-
sures typically encountered in operational liquid-propellant
rocket engines. Strakey et al.12 investigated the spray char-
acteristics of swirl coaxial injectors over a broad range of
liquid-to-gas momentum ratios �0.1–100� at a chamber pres-
sure of 2.97 MPa by using water and helium/nitrogen as pro-
pellant simulants. The spreading angle of the liquid spray
decreases with the increase in the coaxial gas momentum and
appears almost identical to that produced by a shear coaxial
injector at the lowest liquid-to-gas momentum ratio �0.1�.
The mean droplet size, however, becomes smaller compared
to that of a shear coaxial injector at the same flowrate. Re-
cently, Kim et al. studied the effects of ambient gas density
on the liquid-sheet spreading angle and breakup length of
single swirl13 and swirl coaxial14 injectors. Water was em-
ployed as the oxidizer simulant. The measured spray angle
prior to the sheet breakup remains to be almost fixed in the
pressure range of 1–40 atm. The sheet breakup length, how-
ever, decreases with increasing pressure due to the enhanced
aerodynamic force as the ambient gas density increases.
Ela15 conducted hot-fire experiments for multielement swirl
injectors with LOX and gaseous hydrogen at mixture ratios
of 5.2–6.9 and a chamber pressure of 10.3 MPa. Results in-
dicated that the C* efficiency increases with increasing mix-
ture ratio. Hot-fire studies of LOX and gaseous hydrogen
were also performed by Tamura and co-workers16,5 for both
single- and multielement swirl injectors at moderate chamber
pressures �2.6–3.5 MPa� and mixture ratios of 4.0–8.0. It
was reported that an enhanced C* efficiency could be ob-
tained at a greater mixture ratio.

In addition to experimental studies, numerical simula-
tions were recently performed to explore the flow evolution
of swirl coaxial injectors. Kim and Heister17 investigated hy-
drodynamic instabilities of the swirling liquid jet within the
recessed region of a swirl coaxial injector. A locally homo-
geneous flow model, previously developed for treating flow
instabilities in shear coaxial injectors,18 was adopted, by as-
suming the thermodynamic and momentum equilibria be-
tween the gas and liquid phases throughout the entire flow-
field. The approach also employed an incompressible-flow
assumption with prespecified gas and liquid densities. Real-
fluid thermodynamics and property variations inherent in op-
erational injector flows were not taken into account to sim-
plify the analysis. Initial results indicated that the swirling
motion and fluctuation of the injected liquid became more
pronounced with an increase in the gas-to-liquid density ra-
tio. Park and Heister19 simulated the free surface and spray
shape of injected liquid in a swirl injector. The analysis was
based on a boundary element method along with the assump-
tion of an axisymmetrical, inviscid, and incompressible flow.
Calculated film thickness and spray cone angle agreed well
with those predicted by the classical theory. Canino et al.20

studied the flow development behind the center post in a
swirl coaxial injector. Emphasis was placed on the vortex-
shedding characteristics due to the bluff-body dynamics
within the injector passage.

Although much useful information has been obtained
about the liquid atomization and mixing characteristics of
swirl coaxial injectors, most existing studies were conducted
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FIG. 1. �Color� Schematic of swirl coaxial injector.
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either at room temperatures by using water as the oxidizer
simultant,2–5,7,8,11–14 or at hot-fire conditions,5,15,16 where the
available diagnostics are limited by the difficulties in probing
the flowfield in such a high-pressure, high-temperature envi-
ronment. Very limited effort has been applied to investigate
detailed injector flow dynamics under conditions representa-
tive of operational rocket engines, where the chamber pres-
sure often exceeds the thermodynamic critical pressure of the
injected fluid. Furthermore, the flow evolution within the in-
jector has not been carefully explored, except for the analytic
studies based on classical hydrodynamics theories discussed
in Refs. 1 and 21 and numerical studies based on an
incompressible-flow assumption.17

The purpose of the present work is to remedy these de-
ficiencies by conducting high-fidelity simulations of cryo-
genic fluid dynamics of swirl injectors at supercritical pres-
sures, mimicking the configurations and flow conditions of
contemporary rocket engines by using LOX as the oxidizer.22

The formulation accommodates full-conservation laws and
takes into account real-fluid thermodynamics and transport
phenomena. The specific objectives of the study are the fol-
lowing: �1� To characterize the detailed flow physics in the
injector flow path, �2� to explore various underlying mecha-
nisms dictating the fluid atomization and energy-transfer be-
haviors, and �3� to identify and prioritize key injector design
attributes and operating conditions critical to the injector per-
formance.

II. THEORETICAL FORMULATION

The basis of the present study is the general theoretical
framework for treating supercritical fluid injection and mix-
ing, as detailed by Meng et al.23 and Zong et al.24 The ap-
proach has been used to investigate the transport and dynam-
ics of droplets,23 jet mixing,24 and chemically reacting shear
flows25 over a broad range of thermodynamic states and flow
conditions. In brief, the formulation accommodates complete
conservation equations of mass, momentum, energy, and spe-
cies transport. Full account is taken of general fluid thermo-
dynamics and transport phenomena over the entire tempera-
ture and pressure regimes of concern. Turbulence closure is
achieved by means of a large-eddy-simulation �LES� tech-
nique, in which large-scale motions are calculated explicitly,
and the effects of unresolved small-scale turbulence are ei-
ther analytically or empirically modeled. The governing
Favre-filtered conservation equations are derived by filtering
small-scale dynamics from resolved scales over a well-
defined set of spatial and temporal intervals.26,27 The effects
of subgrid-scale �SGS� motions are treated by using the ap-
proach proposed by Erlebacher et al.28 which employs a
Favre-averaged generalization of the Smagorinsky eddy vis-
cosity model. The Smagorinsky coefficient CR ��0.01� and
CI ��0.007� are empirically determined.29 It should be noted
that accurate modeling of SGS dynamics under supercritical
conditions remains to be a challenging task, due to compli-
cations arising from rapid property variations and real-fluid
thermodynamics and transport. Very limited effort has been
applied so far to quantify the effects of real-fluid thermody-
namics on small-scale turbulent structures, and a well-

calibrated SGS model for supercritical fluid flows is cur-
rently not available. This issue will be addressed in our
subsequent work.

The fluid volumetric behavior is evaluated by using a
modified Soave–Redlich–Kwong equation of state30 because
of its validity over a broad range of fluid states and simplic-
ity of numerical implementation. Thermodynamic properties,
such as enthalpy, Gibbs energy, and constant-pressure spe-
cific heat, are directly derived from fundamental thermody-
namic theories. They are expressed as the sum of an ideal-
gas property at the same temperature and a thermodynamic
departure function accounting for dense-fluid correction.31

Transport properties, such as viscosity and thermal conduc-
tivity, are estimated by using an extended corresponding-
state theory32,33 along with a 32-term Benedict–Webb–Robin
equation of state. Mass diffusivity is obtained by the Taka-
hashi method calibrated for high-pressure conditions.34 The
implementation and validation of the property evaluation
schemes are detailed in Refs. 23 and 31.

III. NUMERICAL FRAMEWORK

The theoretical formulation outlined above is numeri-
cally solved by means of a preconditioning scheme incorpo-
rating a unified treatment of general fluid thermodynamics.35

All the numerical properties, including the preconditioning
matrix, Jacobian matrices, and eigenvalues, are directly de-
rived from fundamental thermodynamics theories, rendering
a self-consistent and robust algorithm. The numerical formu-
lation can accommodate any equation of state and is valid for
fluid flows at all speeds and at all fluid thermodynamic
states. Further efficiency is achieved by employing tempera-
ture instead of enthalpy as the primary dependent variable in
the preconditioned energy equation.36 This procedure elimi-
nates laborious iterations in solving the equation of state for
temperature and, consequently, facilitates the load balance
among computational blocks in a distributed computing en-
vironment. The resultant scheme is highly efficient and suit-
able for parallel processing.

The numerical framework employs a density-based,
finite-volume methodology along with a dual-time-step inte-
gration technique.37 Temporal discretization is obtained by
using a second-order backward differencing scheme, and the
inner-loop pseudotime term is integrated with a four-step
Runge–Kutta scheme. Spatial discretization is achieved with
a fourth-order, central-difference scheme in generalized
coordinates.38 A nine-point stencil is employed to evaluate
the convective flux in each spatial direction to improve the
spectral resolution of small-scale turbulence structures.
Fourth-order scalar dissipation with the coefficient �4

=0.001 is applied to ensure numerical stability with mini-
mum contamination of the solution.

The overall accuracy of the present scheme within the
context of LES was carefully assessed based on the decay of
the kinetic energy of isotropic turbulence. Calculations were
performed for an isotropic turbulent flow in a cubic box of a
nondimensional width of 2�. The experimental results of
Comet-Bellot and Corrsin39 were selected as the benchmark
with an initial Taylor Reynolds number of 80 on a 32�32
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�32 grid. The predicted temporal evolution of turbulent ki-
netic energy agrees well with experimental data. The effects
of numerical and SGS dissipation on the evolution of turbu-
lent kinetic energy were further assessed by either turning
those terms on or off or reducing the corresponding coeffi-
cients by one-half. Results indicated that the dissipation as-
sociated with the SGS model overshadows that of the nu-
merical scheme, and the numerical dissipation only serves to
maintain numerical stability.

The present flowfield involves exceedingly large prop-
erty gradients between the injected LOX and ambient gas-
eous oxygen. The density ratio may reach a level of 10 for a
chamber pressure 100 atm. A second-order scalar dissipation
with a total-variation-diminishing switch developed by
Swanson and Turkel40 was, thus, applied to suppress numeri-
cal oscillations in regions with steep property variations.
Care was also exercised to ensure sufficient grid resolution
for properly capturing the hydrodynamic instability waves
inherent in the LOX film.

Finally, a multiblock domain decomposition technique,
along with static load balance, is employed to facilitate the
implementation of parallel computation with message pass-
ing interfaces at the domain boundaries. The parallelization
methodology is robust and the speedup is almost linear.

IV. INJECTOR CONFIGURATION AND BOUNDARY
CONDITIONS

The dynamics of LOX injected through a pressure swirl
injector into a free volume preconditioned with gaseous oxy-
gen at a supercritical pressure is investigated. Figure 2 shows
the physical model considered herein. It consists of three
major parts: tangential inlets, a vortex chamber, and a dis-
charge nozzle.1,6 The baseline geometry and mass flowrate
are summarized in Table I, where Rs, Rn, and Rp denote the
radii of the vortex chamber, discharge nozzle, and tangential
inlet, respectively, and L is the injector length. The param-
eters are chosen to be identical to those of the center element
of the swirl coaxial injector in the RD-0110 liquid rocket

engine, the third-stage engine for the Soyuz space launch
vehicle.41 The geometric characteristic constant, K, which
determines the initial swirl strength of the injected fluid,1 is
defined as K�AnRin /AinRn, with An as the discharge nozzle
area, Ain as the total area of the tangential inlets, and Rin as
the radial location of the tangential entry.

The computational domain includes the interior of the
swirl injector and a downstream region measuring 8Rs and
40Rs in the radial and axial directions, respectively. Because
of the enormous computational effort required for calculating
the flow evolution in the entire regime, only a cylindrical
sector with periodic boundary conditions specified in the azi-
muthal direction is treated. Such an axisymmetric simulation
introduces several limitations: �1� the tangential inlets, which
consist of six small circular ports on the injector wall, are
simplified to a 1 mm wide slit on the radial boundary of the
injector, �2� the flow variations in the azimuthal direction are
neglected, and �3� the vortex stretching mechanism, which is
responsible for the energy transfer from large- to small-scale
structures in the flowfield, is not considered. In spite of those
limitations, previous studies24,42 have indicated that the
present numerical analysis is able to capture many unique
mechanisms dictating supercritical fluid injection and mixing
dynamics, including thermodynamic nonidealities, density
stratification, interfacial instability, and baroclinic vorticity
production. In addition, various important unsteady flow fea-
tures, such as the interactions of hydrodynamic instabilities
and acoustic oscillations within the swirl injector, are well
explored in the present work. The results provide a quantita-
tive basis for identifying the key processes and injector pa-
rameters that determine the liquid-sheet breakup and atomi-
zation characteristics under supercritical pressures.

At the inlet, the bulk radial and azimuthal velocities are
selected to match the mass flowrate ṁ and the swirl strength
of the injected fluid, which is estimated based on the injector
geometric constant K. The fluid temperature is fixed and
pressure is obtained through a one-dimensional approxima-
tion to the radial momentum equation �i.e., �p /�r
=−���ur /�t�−ur��ur /�r�+u�

2 /r�. Turbulence is provided by
superimposing broadband noise onto the mean velocity pro-
files. The disturbances are produced by a Gaussian random-
number generator with an intensity of 8% of the mean quan-
tities, sufficient to trigger the instabilities inherent in the
flowfield. A white noise with a higher turbulence intensity
�10%� is also considered for the baseline case �case 1 in
Table II�. No obvious changes in the injector flow dynamics
are observed in terms of the spectral characteristics of flow
oscillations at different locations. At the downstream bound-
ary, extrapolation of primitive variables from the interior
may cause undesired reflection of numerical waves propagat-
ing into the computation domain. Thus, the characteristic
boundary conditions proposed by Poinsot and Lele43 for
ideal gases and extended to real-fluid flows36 are incorpo-
rated into the present preconditioning scheme, and a time-
invariant back pressure is specified. At the radial boundary,
the temperature and velocity components are extrapolated
from the interior with a fixed ambient pressure. Because the
computational domain is sufficiently large, the truncation ef-
fects of the radial and downstream boundaries on the injector
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FIG. 2. Schematic of pressure swirl injector.

TABLE I. Baseline geometry and mass flowrate.

Rs �mm� Rn �mm� Rp �mm� L �mm� K ṁ �kg/s�

2.5 2.5 0.85 25 3.2 0.15
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near-field flow dynamics are negligible. Finally, the nonslip
adiabatic conditions are enforced along the solid wall.

V. RESULTS AND DISCUSSION

The liquid-film thickness h and spreading angle 2� at
the injector exit are often employed to characterize the per-
formance of a swirl injector.1 The former dictates the size of
the fluid parcel after the film breaks up, and the latter affects
the intraelement mixing efficiency. The spreading angle is
defined as twice the apex angle of the asymptotic cone to the
hyperboloid of revolution corresponding to the profile of the
spray and can be calculated by the ratio of the circumferen-
tial to the axial velocities at the injector exit, i.e., �
� tan−1�ue� /uex�.

1 The key variables influencing the injector
flow dynamics include the geometric constant K, injector
length L, injector exit diameter Dn, and thermophysical prop-
erties of the injected fluid, such as the density � and viscosity
�. According to the Buckingham Pi theorem,44 two dimen-
sionless equations for the film thickness and spreading angle
at the injector exit can be obtained in terms of those vari-
ables,

h/Dn = f��inj/��,�inj/��,ReL,K� , �1�

� = tan−1 ue�/uex = f��inj/��,�inj/��,ReL,K� , �2�

where the subscripts inj and � denote the injected fluid and
ambient conditions, respectively. The Reynolds number of
the liquid film is defined as ReL=�injunL /�inj. Among those
parameters, the density and viscosity ratios are fixed for a
given flow condition. The geometric constant and injector
length are determined by the injector configuration.

A parametric study is conducted to investigate the effects
of injector geometry and operating condition on the liquid
spray behavior over a pressure range of 100–200 atm. The
LOX injection and ambient temperatures are fixed at 120 and
300 K, respectively. For reference, the critical pressure and
temperature of oxygen are 50.4 atm and 154.6 K, respec-
tively. Table II summarizes the injector configurations and
flow parameters obtained from the present analysis. Also in-

cluded for comparison are those predicted by classical swirl-
injector theories for inviscid, incompressible flows �denoted
by the subscript inv�,1 written in the following form:

hinv = Rn�1 − �1 − 	� , �3�

�inv = ue�/uex = tan−1 �2�1 − 	�2/�2 − 	 − 2�1 − 	�2� , �4�

where the coefficient of passage fullness 	 is defined as the
fractional area filled by the injected fluid in the discharge
nozzle,

	 =
��Rn

2 − rmn
2 �

�Rn
2 = 1 −

rmn
2

Rn
2 . �5�

As will be further elaborated, both the liquid-film thick-
ness and spreading angle are sole functions of the injector
geometric constant K and independent of such operating pa-
rameters as mass flowrate, in accordance with classical hy-
drodynamics theories. The situation becomes substantially
different in reality due to the existence of viscous loss and
property variations. Since no distinct interface exists be-
tween the injected fluid and gaseous core in a supercritical
flow environment, to facilitate analysis, the numerically cal-
culated LOX film boundary is defined as the radial position
above which the mass flowrate equals the specified value at
the inlet. This definition takes into account rapid fluid prop-
erty variations and provides a quantitative basis for evaluat-
ing the liquid-sheet formation and breakup processes. Be-
cause the detailed velocity information can be easily
retrieved from the present analysis, the film spreading angle
� is evaluated based on its definition, as the inverse tangent
of the ratio of the averaged azimuthal to axial velocity at the
injector exit.

A typical simulation employs a 50�100 grid for the
injector interior and a 150�200 grid for the downstream
exterior region. The grids are clustered near the wall and the
injector exit to resolve steep gradients in these regions. The
smallest grid size in the radial direction is 20 �m, which
falls in the inertial subrange of the turbulent kinetic energy
spectrum estimated by using the Kolmogorov–Obukhow

TABLE II. Effects of injector geometry and flow conditions on LOX film thickness and spreading angle at injector exit �T�=300 K, and Tinj=120 K�.

Cases
p�

�atm�
L

�mm�

La

�mm� K
ṁ

�kg/s�
ReL

�106�
h

�mm�
2�

�deg�
hinv

�mm�
2�inv

�deg�

1 100 25 2.0 3.2 0.15 5.4 0.686 73.8 0.56 92.2

2 100 25 2.0 3.2 0.10 3.8 0.660 73.6 0.56 92.2

3 100 25 2.0 3.2 0.20 7.6 0.632 73.2 0.56 92.2

4 100 25 2.0 3.2 0.25 9.5 0.611 73.0 0.56 92.2

5 100 25 0.5 3.2 0.15 5.7 0.660 76.0 0.56 92.2

6 100 25 4.5 3.2 0.15 4.9 0.672 74.4 0.56 92.2

7 100 50 2.0 3.2 0.15 11.0 0.709 73.4 0.56 92.2

8 100 75 2.0 3.2 0.15 16.0 0.738 72.0 0.56 92.2

9 100 100 2.0 3.2 0.15 22.0 0.796 69.8 0.56 92.2

10 100 25 2.0 4.2 0.15 5.8 0.595 87.0 0.50 103.6

11 150 25 2.0 3.2 0.15 5.0 0.612 72.4 0.56 92.2

12 200 25 2.0 3.2 0.15 4.8 0.586 71.8 0.56 92.2

aDistance from the center of the tangential entry to the injector headend.
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theory. The computational domain is divided into 15 blocks,
with each calculated on a single processor of a distributed-
memory parallel computer. The physical time step is 1
�10−2 ms and the maximum Courant–Friedrichs–Lewy
number for the inner-loop pseudotime integration is 0.7.
Each simulation is conducted for ten flow-through times for
the entire domain �i.e., 0.1 s� to obtain statistically meaning-
ful data.

A grid-independence study was performed for case 1 as
part of the validation procedure. The same numerical code,
injector configuration, and flow conditions are considered by
using a fine mesh with a 75�160 grid for the injector inte-
rior and a 225�320 grid for the downstream exterior region.
The mean grid resolution inside the injector is enhanced by
50% in each spatial direction. Figure 3 shows the radial dis-
tributions of the time-mean temperature, density, and axial
and radial velocity components at different axial locations.
Results for the two different grid systems are in close agree-
ment. The maximum derivation in the entire domain is less
than 5%. The effect of grid resolution on the dynamical be-
havior of the injector flow was also examined. The maximum
relative error is 3% for both the length and speed of the
hydrodynamic instability wave within the liquid film. The
differences of the frequency and magnitude of the dominant
pressure oscillations induced by flow instabilities are less
than 5%. The results indicate that the injector dynamics have
been well captured and the grid system employed is appro-
priate in the present work.

A. Injector flow dynamics

Figure 4 shows the temporal evolution of the tempera-
ture field for case 1 �the baseline case�. LOX is tangentially
introduced into the injector. The swirl-induced centrifugal
force prevents the injected fluid from penetrating into the
center and, consequently, gives rise to the formation of a
gaseous core �referred to as cavity�. A thin liquid film forms,
convects downstream along the wall according to the conser-
vation of mass and momentum, and exits from the injector as
a nearly conical sheet. Several different types of flow oscil-

lations are observed. The LOX film is intrinsically unstable
and features three-dimensional hydrodynamic instability
waves in both the longitudinal and circumferential
directions.45 The circumferential mode, however, cannot be
observed in the present axisymmetric simulation. The longi-
tudinal instability wave propagates within the film in a form
similar to the shallow-water wave for an incompressible flow
and induces oscillations of the circumferential velocity in
both the axial and radial directions, which are then convected
downstream with the mean flow. As the liquid film is dis-
charged from the injector to the chamber, the Kelvin–
Helmholtz type of instability emerges in the LOX sheet and,
subsequently, leads to sheet breakup and droplet formation.
In addition, the injector is acoustically connected with the
downstream chamber. Any acoustic oscillation in the cham-
ber may propagate upstream into the injector and affect the
LOX film behavior by influencing the mass flowrate of the
injected fluid.1,6 Furthermore, strong acoustic resonance oc-
curs if the natural frequencies of the injector and chamber
match each other.46

Figure 5 shows a close-up view of the temperature evo-
lution near the LOX film for the baseline case, indicating the
presence of the longitudinal mode of the hydrodynamic in-
stability. The wave grows and develops to large-scale billows
as it convects downstream. The calculated wave speed is
approximately 10 m /s in the region of 2�x /Rs�9, where
the LOX film is well developed and its time-mean thickness
slowly varies. A wave equation characterizing the hydrody-
namic instability of a swirling liquid film can be established
based on linearized conservation laws. For an inviscid, in-
compressible flow, with the neglect of the radial velocity and
the assumption of an infinitesimal film thickness compared
to the wavelength, the wave equation becomes6
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FIG. 3. Effect of grid resolution on radial distributions of mean temperature,
density, and axial and radial velocity components at different axial locations
�case 1: p�=10 MPa, Tinj=120 K, T�=300 K, ṁ=0.15 kg /s, 
L=2.0 mm�.

FIG. 4. Temporal evolution of temperature field �case 1: p�=10 MPa, Tinj

=120 K, T�=300 K, ṁ=0.15 kg /s, K=3.2, 
L=2.0 mm�.
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�2�

�t2 =
1

rm
4 uin

2 Rin
2 �Rs

2 − rm
2

2
	 �2�

�x2 , �6�

where � is the instantaneous displacement of the film surface,
rm is the radial distance between the injector centerline and
the time-mean film surface, and uin is the injection velocity at
the tangential inlet. The form of the wave speed bears a close
resemblance to that for shallow-water wave propagation,6

a =��uin
2 Rin

2

rm
3 	�Rs

2 − rm
2

2rm
	 . �7�

The first parenthesized term in the square root represents the
centrifugal force and the second term represents the effective
thickness of the liquid film. Equation �7� results in a wave
speed of 6.6 m /s based on the values of uin and rm �11 m /s
and 1.9 mm, respectively�. The classical hydrodynamics
theory underpredicts the wave speed due to the neglect of
fluid compressibility and viscous effects.

The frequency spectra of pressure fluctuations provide a
more quantitative insight into the various types of instability
waves involved. Figure 6 presents the results obtained at
eight different positions within the injector. A small peak at
14 kHz is observed at probes 1–4, resulting from the recir-
culating LOX flow between the tangential inlet and the in-
jector headend. This high-frequency oscillation is confined
within the upstream region. It rapidly decays and disappears
as the LOX film moves downstream due to viscous dissipa-
tion. Two dominant modes at the frequencies of 0.55 and
3.15 kHz are observed at all the probe locations. The former
is closely related to the longitudinal wave of hydrodynamic
instability within the LOX film. In the present case, the wave
propagation speed is about 10 m /s, and the time for a dis-
turbance to travel through the LOX film within the injector
�i.e., from the tangential entry to the injector exit� is on the
order of 2 ms. This leads to a characteristic frequency of
500 Hz for the longitudinal hydrodynamic instability. The
result shows good agreement with the calculated frequency

of 550 Hz. Figure 7 presents the frequency contents of the
pressure and velocity fluctuations at probe 6. Both the axial
and azimuthal velocities closely correlate with the pressure
signal. As the wave propagates downstream, the local axial
velocity and pressure also fluctuate to satisfy the conserva-
tion of the mass and momentum. The ensuing variation of
the film thickness then causes the azimuthal velocity to os-
cillate in accordance with the conservation of mass and an-
gular momentum. The lack of noticeable oscillations of the
radial velocity in the low-frequency range may be attributed
to the small thickness of the LOX film.

FIG. 5. Close-up view of temporal evolution of temperature field near
liquid-oxygen film �case 1: p�=10 MPa, Tinj=120 K, T�=300 K, ṁ
=0.15 kg /s, K=3.2, 
L=2.0 mm�.
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The harmonic of 3.15 kHz shown in the frequency spec-
tral of Fig. 6 may arise from the acoustic oscillation in the
injector. The injector configuration considered in the present
study can be acoustically treated as a quarter-wave resonator
having a natural frequency

f = c/4�L + 
l� , �8�

where c is the speed of sound in the gaseous oxygen core and
L is the injector length. A correction factor 
l, which is
usually taken as 0.6Rn, is employed to account for the effect
of gaseous oxygen immediately downstream of the injector
exit on the acoustic resonance of the injector. Under the
present flow conditions of c=340 m /s, L=25 mm, and 
l
=1.5 mm, the resonance frequency becomes 3.2 kHz, almost
identical to the observed harmonic in Fig. 6. Figure 8 shows
the time histories of pressure oscillations at probes 5–8. The
low-frequency �0.55 kHz� hydrodynamic wave considerably
decays in the downstream region, while the acoustic-driven,
high-frequency �3.15 kHz� instability retains its magnitude
in the entire LOX film.

Figure 9 shows the spectral contents of flow oscillations
in the near field of the injector. A dominant frequency of
1.04 kHz is observed at all probes. This phenomenon can be
attributed to the precession of the vortex core in the central
toroidal recirculation zone immediately downstream of the
injector exit.47 The resultant oscillation then excites flow in-
stabilities inside the injector, as evidenced in the frequency
spectra given in Fig. 6. The LOX sheet, once it exits from the
injector, is subject to the Kelvin–Helmholtz type of instabil-
ity. A peak at around 3.9 kHz �probes 9 and 10� exists along
the LOX sheet, which subsequently develops to 4.8 kHz
�probes 11 and 12� as the liquid travels downstream. The
vortex-shedding frequency can be roughly estimated by us-
ing the following empirical correlation:48

fn = StŪ/� , �9�

where the Strouhal number St ranges from 0.044 to 0.048 for

turbulent flows. In the present study, the mean velocity Ū is
around 10 m /s and the momentum thickness of the conic
sheet is around 0.08 mm. The most unstable frequency fn is

predicted to be 5.75 kHz, which is comparable with the cal-
culated frequency.

The injector flow dynamics are further explored by using
the proper-orthogonal-decomposition �POD� technique,
which extracts energetic coherent structures from the calcu-
lated flowfields. For a given flow property f�r , t�, the POD
analysis can determine a set of orthogonal functions 	 j, j
=1,2 , . . ., such that the projection of f onto the first n func-
tions,

f̂�r,t� = f̄�r� + 

j=1

n

aj�t�	 j�r� , �10�

has the smallest error, defined as E��f − f̂�2�. Here, aj�t� rep-
resents the temporal variation of the jth mode, and E�·� and
�·� denote the time average and norm in the L2 space, respec-
tively. The function f can be extended to a vector by intro-

ducing an appropriate inner product on F� . A more complete
discussion of this subject can be found in Refs. 49 and 50.

The method of snapshots is implemented to compute the
POD modes. The database for the POD analysis contains a
total of 320 snapshots of the flowfield within the injector.
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The time interval between snapshots is 50 �s, compared to
the time step of 5 �s employed in the numerical simulations.

Figure 10 presents the energy distribution of the POD
modes for the oscillatory pressure field of the baseline case.
Here, the energy of the jth mode Ej is defined as

Ej = E��aj�t�	 j�r��2� . �11�

The first six POD modes capture more than 95% of the total
energy of the oscillatory flowfield. The frequency spectra of
the time-varying coefficients aj�t� of these modes are shown
in Fig. 11. A dominant frequency of 0.55 kHz is observed for
the first mode, which is close to the characteristic frequency
of the longitudinal hydrodynamic instability wave in the
LOX film. The second and third modes are associated with

the oscillations resulting from the precession of the toroidal
recirculating flow downstream of the injector exit. The fourth
and fifth modes have the identical frequency of 3.5 kHz, cor-
responding to the natural acoustic oscillations within the in-
jector. It should be noted that the frequency contents of the
POD modes slightly deviate from those presented in Fig. 6
�i.e., pressure oscillations in the LOX film�. The POD analy-
sis is concerned with the entire field and, consequently, pro-
vides results in a volume-average sense, as opposed to results
at selected points �Fig. 6�. The discrepancy becomes more
noticeable in the present study, in which the flowfield is
highly nonhomogeneous with a steep density stratification
across the LOX film surface. Another factor contributing to
the difference between Figs. 6 and 11 is the limited temporal
resolution of the POD analysis, especially for the high-
frequency modes.

Figure 12 shows the spatial distributions �i.e., mode
shapes� of the first six modes of the oscillatory pressure field
in the injector. The first mode shape is nearly one dimen-
sional and exhibits a decaying distribution with a maximum
at the head and a diminished value at the exit. The results
corroborate the intimate relationship between the hydrody-
namic instability wave in the LOX film and the unsteady
field in the gaseous core. Any hydrodynamic disturbance in
the liquid film may cause variations of the film thickness,
which, in turn, produce pressure fluctuations in the free vol-
ume of the injector, mainly due to the volume dilation across
the film surface induced by the local temperature changes
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FIG. 12. �Color� Spatial distributions of first six POD modes of oscillatory pressure field within injector �case 1: p�=10 MPa, Tinj=120 K, T�=300 K, ṁ
=0.15 kg /s, K=3.2, 
L=2.0 mm�.
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�see Fig. 5�. The second and third modes are attributed to the
excitation by the precession vortex core in the near field of
the injector exit. The fourth and fifth modes bear quite simi-
lar structures but with a phase difference of � /2 in both time
and space. This suggests the existence of a standing wave in
the injector. The sixth mode reveals a dipolelike structure
surrounding the tangential entry near the injector headend.
The associated high-frequency oscillation is basically con-
fined in the upstream region and rapidly decays as the fluc-
tuation propagates downstream.

B. Mean flow properties

Figure 13 shows the time-mean fields of the density,
temperature, compressibility factor, and velocities for cases 1
and 10. The corresponding geometric parameters K are 3.2
and 4.2, respectively. The critical isothermal surface of oxy-
gen at Tc=154 K, as denoted by the dashed line, is also
presented to provide a reference for the LOX film boundary.
The dense-fluid film near the wall and gaseous core in the
cavity are clearly observed. The LOX sheet promptly mixes
with the warm gas soon after exiting from the injector, in-
stead of deeply penetrating into the chamber. Rapid volume
dilation and property variations take place when the LOX
mixes with the surrounding gaseous oxygen, and the local
temperature transits across the inflection point on the iso-
baric line in the thermodynamic �-T diagram. Figure 14
shows the radial distributions of the time-mean flow proper-

ties at various axial locations for case 1. The velocity field
indicates the presence of a swirling gaseous flow down-
stream of the injector exit, where the adverse pressure gradi-
ent in the axial direction produces a recirculation zone. Ow-
ing to the relatively low pressure in this region, the LOX
sheet, which initially expands outward in the radial direction,
converges toward the centerline, until the radial pressure gra-
dient is balanced by the centrifugal force. As the swirl
strength increases with K varying from 3.2 to 4.2, the film
thickness decreases, but the spreading angle becomes wider.
The recirculation zone downstream of the exit is enlarged
and even extended into the injector. A similar situation was
observed by Panda and McLaughlin51 in their experimental
study on swirling-jet instabilities at a swirl number of 0.5
and a Reynolds number of 57 000.

Figure 15 shows the distribution of the LOX film thick-
ness along the injector wall for case 1, defined based on the
injected mass flowrate of 0.15 kg /s and local fluid density
and axial velocity. Three different flow regimes exist within
the injector. In the developing region �0�x /Rs�2� close to
the injector headend, the injected LOX initially occupies a
substantial fraction of the free volume, due to the small axial
velocity. The fluid then converges toward the wall and forms
a thin film. Downstream of the tangential inlet at 2�x /Rs

�9, a stationary regime emerges, in which the radial distri-
butions of the flow properties slowly vary along the axial
direction. The film thickness gradually increases due to the

3.2K � 4.2K �

FIG. 13. �Color� Time-mean fields of density, temperature, compressibility factor, and velocity components �p�=10 MPa, Tinj=120 K, T�=300 K, ṁ
=0.15 kg /s, 
L=2.0 mm�.
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decreased axial velocity caused by viscous friction and re-
duced fluid density resulting from local heat transfer. Finally,
as the static pressure induced by the swirling motion is con-
verted into axial momentum close to the injector exit, the
axial velocity increases and the film thickness decreases in

the acceleration region �9x /Rs10�. Also included in the
figure is the critical isotherm of oxygen. The heat transfer
from the warm ambient gas to the LOX film causes the criti-
cal isothermal surface to regress toward the injector wall.

Figure 16 shows the axial distributions of the time-
averaged axial and angular momenta of the LOX film. The
flow motions in both the axial and azimuthal directions are
weak close to the headend. The angular momentum then rap-
idly increases and reaches its maximum at the trailing edge
of the tangential inlet. The injected LOX is driven toward the
wall by the centrifugal force and accelerates downstream ac-
cording to the conservation of mass. As a consequence, the
axial momentum of the LOX film rapidly increases. The
transport of azimuthal momentum is more complicated and
can be described by the following equation:

du�

dt
= −

1

�

�p

��
+ ���2u� +

2

r2

�ur

��
−

u�

r2 	 −
uru�

r
. �12�

The first term on the right-hand side of Eq. �12� represents
the pressure gradient in the azimuthal direction, which van-
ishes in the present axisymmetrical simulation. The second
term denotes viscous dissipation. The third term accounts for
the transfer between the radial and azimuthal momenta. This
quantity vanishes in the stationary region, in which ur is
practically zero in the LOX film. The small variations of the
angular momentum downstream of the tangential entry and
near the injector exit �the accelerating region� arise from the
rapid change of ur in those regions.

Based on classical hydrodynamics theories, the axial,
uex, and azimuthal, ue�, velocities at the injector exit for an
incompressible inviscid fluid can be written as follows:

uex = �1 − 2�1 − 	�2/�2 − 	� , �13�

ue� = �2�1 − 	�2/�2 − 	� , �14�

where the coefficient of passage fullness 	 is a function of
the geometrical constant K,

K = �1 − 	��2/	�	 . �15�

Combination of Eqs. �13� and �14� gives the spreading angle
of the liquid sheet at the injector exit, as defined in Eq. �4�.
The LOX film thickness and spreading angle are solely de-
termined by the injector geometry and are independent of
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L=2.0 mm�.

x/Rs

h/
R
s

0 2 4 6 8 100.0

0.2

0.4

0.6

0.8

1.0

21 3

2: stationary
1: developing

3: accelerating

film thicknesscritical
isotherm

FIG. 15. Liquid-oxygen film thickness along injector wall �case 1: p�

=10 MPa, Tinj=120 K, T�=300 K, ṁ=0.15 kg /s, K=3.2�.
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operating conditions. The situation for a real fluid, as treated
in the present study, however, may be quite different, due to
the many underlying assumptions in classical theories. Fig-
ure 17 presents the radial distributions of the time-averaged
density, axial velocity, and azimuthal velocity in the station-
ary region �x /Rs=5� for case 1. The discrepancies between
the classical theories and the results of the present work are
obvious. Nonetheless, classical hydrodynamic analysis pro-
vides much useful information about the flow physics and
can serve as an effective guideline for treating injector flow
dynamics.

C. Effects of flow conditions and geometry
on injector behavior

The effects of LOX mass flowrate on the injector dy-
namics are studied in cases 1–4 �see Table II�. Consistent
with classical hydrodynamics theory, the calculated film
thickness slightly decreases with increasing mass flowrate.
The spreading angle, however, is almost independent of the
variation in mass flowrate. Since both the viscous and com-
pressibility effects are neglected, classical theory underpre-
dicts the film thickness and overpredicts the spreading angle.

The influence of the tangential inlet position on the in-
jector performance is explored through cases 1, 5, and 6.
Figure 18 shows the corresponding axial distributions of the
axial and angular momenta of the LOX film. A more severe
viscous loss, as measured by the relatively smaller increase
in the axial momentum, is observed for case 5 �
L
=0.5 mm� because the tangential inlet is directly attached to
the headend. A similar situation occurs if the tangential inlet
is placed farther downstream �case 6, 
L=4.5 mm�. Under
this condition, a more substantial part of the injected fluid is
delivered upstream to fill the volume between the inlet and
the headend and forms a recirculation region there. This is
manifested by the instantaneous streamlines close to the hea-
dend for cases 5 and 6 in Fig. 19. The information obtained
suggests that an optimal position for the tangential inlet ex-
ists to minimize the momentum loss. The film thickness and
spreading angle at the injector exit are insensitive to the lo-
cation of the tangential entry.

For injectors with large length-to-diameter �aspect� ra-
tios, the viscous loss along the wall exerts a substantial im-
pact on the injection process and, hence, alters the atomiza-
tion efficiency and spray distribution. Figure 20 shows the
relative axial- and angular-momentum losses as a function of
the injector length �cases 1, 7, 8, and 9�. The losses are
defined as the relative drops of the momenta at the injector
exit in reference to the corresponding values at the beginning
of the stationary region �i.e., x /Rs=2�. For the two shorter
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injectors �L /Rs=10 and 20�, the axial momentum at the in-
jector exit is even greater than that at the beginning of the
stationary region. This phenomenon may be attributed to the
transformation of the swirl-induced static pressure to the
axial momentum within the acceleration regime. Since the
azimuthal velocity is influenced by both the viscous dissipa-
tion and deflection of fluid in the radial direction, the angular
momentum experiences a more severe decay than its axial
counterpart. An increase in the injector length narrows the
spreading angle. The simulation results for cases 1 and 7–9
indicate that an elongation of the injector has three negative
impacts: �1� greater momentum losses, �2� thickened liquid
film and enlarged mean droplet size, and �3� reduced sheet
spreading angle.

Figure 21 shows the LOX film thickness at the injector
exit as a function of the injector length. Classical hydrody-
namics theory underestimates the film thickness by almost
30%, especially for longer injectors. An improved estimation
is given by the empirical correlation suggested by Inamura et
al.,21 in which viscous loss is taken into account, but the
influence of property variations under supercritical condi-
tions is neglected. The latter accounts for the approximately
10% difference between the present analysis and classical
theory.

Two different injector geometrical constants of K=3.2
and 4.2 are examined in cases 1 and 10, respectively. The
mean flow properties are presented in Fig. 13. A greater geo-
metric constant, in general, results in a stronger swirling mo-
tion, which eventually gives rise to a thinner liquid film and
a wider spreading angle. Since the mixing region down-
stream of the injector is expanded, a better injector perfor-
mance is achieved.

The effects of ambient pressure on the swirl-injector be-
havior are investigated for three different pressures of 100,
150, and 200 atm �i.e., cases 1, 11, and 12�. As the ambient
pressure increases, the momentum transfer between the LOX
film and surrounding gases becomes stronger and the mo-
mentum loss, thus, increases. Consequently, the film spread-
ing angle decreases from 73.8° for 100 atm to 71.8° for
200 atm. On the other hand, the elevated pressure tends to
retard the gasification of oxygen and reduce the low-density
region within the LOX film. The net result leads to a de-

creased film thickness with increasing pressure. The overall
trend is consistent with the experimental observations of
Kim et al.14

VI. SUMMARY

The flow dynamics of LOX in a pressure swirl injector
with tangential entry has been investigated by means of a
comprehensive numerical analysis. The formulation incorpo-
rates real-fluid thermodynamics and transport into the con-
servation laws to render a self-consistent approach valid for
any fluid thermodynamic state.

The flow development in the injector broadly involves
three different stages. LOX is introduced to the injector
through the tangential inlet and occupies a bulk of the injec-
tor volume in the developing region near the headend. A thin
liquid film then forms, due to centrifugal force, and convects
downstream along the wall in accordance with the conserva-
tion of mass and momentum. The flow properties and film
thickness vary slightly in this stationary region. Finally, the
LOX flow accelerates in the axial direction as the swirl-
induced pressure converts to axial momentum close to the
injector exit.

Several different types of instability waves were identi-
fied to provide direct insight into the mechanisms dictating
the injector flow dynamics. These include hydrodynamic in-
stabilities in both the axial and azimuthal directions within
the LOX film, acoustic waves in the gaseous core, shear-
layer instabilities in the LOX sheet downstream of the injec-
tor exit, and swirling LOX-sheet induced flow recirculation
near the injector exit. The interactions between those flow
oscillations and their influences on the injector flow behavior
were systematically examined by using the spectral and POD
techniques.

A parametric study was also performed to investigate the
effects of flow conditions and injector geometry on the LOX-
sheet behavior. Results were compared to predictions from
classical hydrodynamics theories in terms of the film thick-
ness, spreading angle, and velocity distributions. The rapid
property variations of oxygen fluid and viscous dissipation
play a decisive role in determining the injector characteris-
tics. The present work provides a quantitative basis for opti-
mizing the injector performance.
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